Abstract: For the analysis of square contingency tables, Tomizawa (1994) , Tomizawa, Seo, and Yamamoto (1998), and Tomizawa, Miyamoto, and Hatanaka (2001) considered measures to represent the degree of departure from symmetry. However, the maximum value of these measures cannot distinguish two kinds of complete asymmetry (say, complete-upper-asymmetry and complete-lower-asymmetry). The present paper proposes a measure which can distinguish two kinds of complete asymmetry for square tables with ordered categories. Especially the proposed measure is useful for representing the degree of departure from symmetry when the conditional symmetry model holds. Examples are given. 
Introduction
Consider an R × R square contingency table. Let p ij denote the probability that an observation will fall in the ith row and jth column of the table (i = 1, . . . , R, j = 1, . . . , R). The symmetry model is defined by
see, for example, Bowker (1948) , Bishop, Fienberg, and Holland (1975, p. 282) , and Agresti (2002, p. 424) . This model states that the probability that an observation will fall in cell (i, j), i = j, is equal to the probability that it falls in symmetric cell (j, i) . When the symmetry model does not hold, we may be interested in applying the extended symmetry models, e.g., the quasi-symmetry (Caussinus, 1965) and the marginal homogeneity (Stuart, 1955 ) models, and asymmetry models, e.g., the conditional symmetry (McCullagh, 1978) and the diagonals-parameter symmetry (Goodman, 1979) models. In addition, when the symmetry model does not hold, we are interested in measuring the 102 Austrian Journal of Statistics, Vol. 38 (2009), No. 2, 101-108 degree of departure from the symmetry model. The measure is useful for comparing the degrees of departure from the model in several tables.
For square contingency tables with nominal categories, Tomizawa (1994) proposed the measures to represent the degree of departure from symmetry, which are expressed by using the Kullback-Leibler information and the Pearson χ 2 -type discrepancy. Tomizawa et al. (1998) considered a power-divergence-type measure Φ (λ) which includes these measures. See Appendix for the measure Φ (λ) . Also, for square contingency tables with ordered categories, Tomizawa et al. (2001) proposed another power-divergence-type measure to represent the degree of departure from symmetry although the detail is omitted.
As described in the Appendix, assuming that p ij + p ji = 0, (i) the measure Φ = 1 if and only if the degree of departure from symmetry is maximum (say, complete asymmetry). That is, p ij = 0 (then p ji > 0) or p ji = 0 (then p ij > 0) for all i < j. However, using the measure Φ (λ) (and using the Tomizawa et al., 2001 measure), we cannot distinguish two kinds of complete asymmetry, namely, that the complete asymmetry is which of (i)
e., which of (i) all observations concentrate in the lower left triangle cells in the table, or (ii) those concentrate only in the upper right triangle cells). Since these two kinds of complete asymmetry indicate the opposite different maximum departures from symmetry, we are interested in proposing a measure which can take the different values for them.
The purpose of this paper is to propose such a measure which can distinguish two kinds of complete asymmetry for square contingency tables with ordered categories.
A Measure
Consider the R × R 
We shall consider a measure defined by
where
The range of θ ij is 0 ≤ θ ij ≤ π/2. Thus, the measure ϕ lies between −1 and 1. The measure ϕ has characteristics that (i) ϕ = −1 if and only if p ij > 0 for all i < j (then p ji = 0 for all i < j), say, complete-upper-asymmetry, and (ii) ϕ = 1 if and only if p ji > 0 for all i < j (then p ij = 0 for all i < j), say, complete-lower-asymmetry. Also ϕ = 0 indicates that the average of θ ij − π/4 for i < j equals zero on condition that an observation will fall in one of off-diagonal cells of the table. Therefore when ϕ = 0, we shall refer to this structure as the average symmetry. Note that the average symmetry model cannot be defined by means of the probabilities p ij . Also, we note that if the symmetry holds then the average symmetry holds, but the converse does not hold. Using ϕ, we can see whether the average symmetry departs toward the completeupper-asymmetry or toward the complete-lower-asymmetry. As ϕ approaches −1, the departure from the average symmetry becomes greater toward complete-upper-asymmetry. As ϕ approaches 1, it becomes greater toward complete-lower-asymmetry.
Relationship between ϕ and Conditional Symmetry
We next consider the relationship between the measure ϕ and the conditional symmetry model. The conditional symmetry model (McCullagh, 1978) is defined by
A special case of this model obtained by putting ∆ = 1 is the symmetry model. If there is a structure of conditional symmetry in the table, then the measure ϕ can be expressed as
Therefore, ϕ = 0 if and only if the symmetry model holds, i.e., ∆ = 1, thus p ij = p ji for all i = j. As the value of ∆ approaches the infinity, the measure ϕ approaches −1. As the value of ∆ approaches zero, the ϕ approaches 1. Thus, for comparisons between several tables, if it can be estimated that there is a structure of conditional symmetry in each table, then the measure ϕ would be adequate for representing and comparing the degree of departure from the symmetry toward the complete-upper-asymmetry and toward the complete-lower-asymmetry.
Approximate Confidence Interval and Test
Let n ij denote the observed frequency in the ith row and jth column of the table (i = 1, . . . , R, j = 1, . . . , R). Assuming that a multinomial distribution applies to the R × R table, we shall consider the approximate variance for the estimated measure and a largesample confidence interval for the measure ϕ using the delta method, the descriptions of which are given by, e.g., Bishop et al. (1975, Sec. 14.6 
where for i < j
Let var(ϕ) denote var(ϕ) with p ij replaced byp ij . Thus, the square root of var(ϕ)/n is an estimated standard error ofφ, and
is an approximate 100(1 − α)% confidence interval for ϕ, where z α/2 is the percentage point of the standard normal distribution corresponding to a two-tail probability of α.
The maximum likelihood estimates of expected frequencies under each of the symmetry and conditional symmetry models are given as the closed-form, and those under the average symmetry model can be obtained using the Newton-Raphson method to the loglikelihood equation although the details are omitted. The symmetry, conditional symmetry and average symmetry models can be tested for goodness-of-fit by, e.g., the likelihood ratio chi-squared statistic with R(R − 1)/2, (R + 1)(R − 2)/2 and 1 degrees of freedom, respectively.
Examples
Example 1: Consider the data in Table 1a taken from Stuart (1955) . These are data on unaided distance vision of 7477 women aged 30 to 39 employed in Royal Ordnance factories in Britain from 1943 to 1946.
We see from Table 2 that for the data in Table 1a , the estimated value of the measure ϕ is −0.0934 and all values in the confidence interval for ϕ are negative. Therefore, the average symmetry for the women's right and left eyes departs toward the completeupper-asymmetry. Table 3 gives the values of likelihood ratio chi-squared statistic for testing goodness-of-fit of each model. We see from Table 3 that each model of symmetry and average symmetry fits the data in Table 1a poorly, but the conditional symmetry model fits these data well. So we can see from the estimated measure that the degree of departure from symmetry for the vision data in Table 1a is estimated to be 9.3 percent of the maximum departure toward the complete-upper-asymmetry which indicates that the right eye is better than her left eye for all women when we define the maximum departure toward it as 100 percent. (Stuart, 1955) , (b) 3242 men in Britain (Stuart, 1953) , and (c) 4746 students in Japan (Tomizawa, 1984 
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Consider the data in Table 1b taken from Stuart (1953) . These are data on unaided distance vision of 3242 men in Britain.
We see from Table 2 that for the data in Table 1b , the estimated value of measure ϕ is 0.0388 and the confidence interval for ϕ includes zero. So this would indicate that there is a structure of average symmetry in the data in Table 1b . We also see from Table  3 that the symmetry model fits these data well, and each model of average symmetry and conditional symmetry also fits these data well. Therefore, it is estimated that there is a structure of symmetry for the data in Table 1b , and also the estimated measureφ would indicate it.
Example 3:
Consider the data in Table 1c taken from Tomizawa (1984) . These are data on unaided distance vision of 4746 students aged 18 to about 25 including about 10% women in Faculty of Science and Technology, Science University of Tokyo in Japan examined in April 1982.
We see from Table 2 that for the data in Table 1c , the estimated value of measure ϕ is 0.1291 and all values in the confidence interval for ϕ are positive. Therefore, the average symmetry for the students' right and left eyes departs toward the complete-lowerasymmetry. This is a contrast to the women's vision data in Table 1a . We see from Table 3 that each model of symmetry and average symmetry fits the data in Table 1c poorly, but the conditional symmetry model fits these data well. So we can see from the estimated measure that the degree of departure from symmetry for the vision data in Table 1c is estimated to be 12.9 percent of the maximum departure toward the completelower-asymmetry which indicates that the left eye is better than his/her right eye for all students.
In addition, when we compare the data in Tables 1a and 1c using the estimated measureφ, the degree of departure from the symmetry for the right and left eyes is greater in the students data in Table 1c than in the women data in Table 1a (see Table 2 ). Sinceφ is negative for the women vision data and positive for the students vision data, a woman's right eye tends to be greater than her left eye, and a student's left eye tends to be greater than his/her right eye.
Concluding Remarks
The proposed measure ϕ is useful for representing what degree the departure from the average symmetry is toward two kinds of complete asymmetry (i.e., the complete-upperasymmetry and the complete-lower-asymmetry). The measure ϕ can distinguish these two kinds of complete asymmetry although the measures in Tomizawa (1994) , Tomizawa et al. (1998), and Tomizawa et al. (2001) cannot distinguish them.
Sinceφ lies between −1 and 1 without the dimension and the sample size,φ would be useful for comparing the degrees of departure from the average symmetry in several tables.
Especially, if it can be estimated that there is a structure of conditional symmetry in the table, thenφ would be adequate for representing the degrees of departure from symmetry toward two kinds of complete asymmetry.
The measure ϕ should be applied to the ordinal data of square tables with the same row and column classifications because ϕ is not invariant under arbitrary similar permutations of row and column categories.
